It is shown that a massless scalar probe reveals a universal near-horizon conformal structure for a wide class of black holes, including the BTZ. The central charge of the corresponding Virasoro algebra contains information about the black hole. With a suitable quantization condition on the central charge, the CFT associated with the black hole in our approach is consistent with the recent observation of Witten, where the dual theory for the BTZ in the AdS/CFT framework has been identified with the construction of Frenkel, Lepowsky and Meurman. This CFT admits the Fischer-Griess monster group as its symmetry. The logarithm of the dimension of a specific representation of the monster group has been identified by Witten as the entropy of the BTZ black hole. Our algebraic approach shows that a wide class of black holes share the same near-horizon conformal structure as that for the BTZ. With a suitable quantization condition, the CFT's for all these black holes in our formalism can be identified with the FLM model, although not through the AdS/CFT correspondence. The corresponding entropy for the BTZ provides a lower bound for the entropy of this entire class of black holes.
Introduction
Conformal field theory plays a central role in the analysis of various quantum aspects of black holes [1, 2, 3] . In particular, for spaces with negative cosmological constant, the AdS/CFT duality [4, 5] has led to remarkable insights in black hole physics. This duality, which encodes the holographic principle [6, 7, 8] for AdS spaces, provides a successful derivations of black hole entropy, consistent with the Bekenstein-Hawking expression.
Recently, Witten [9] has used the AdS/CFT duality to obtain the entropy of a quantum 2+ 1 dimensional BTZ black hole [10, 11] . The BTZ black hole is associated with a Virasoro algebra whose classical central charge, obtained using the method of Brown and Henneaux [12] , is a continuous quantity. It has however been argued that in the dual description the central charge c is not continuous, but is quantized as 24k, where k is a positive integer. This is consistent with the ChernSimons description [13, 14] of BTZ for a suitable choice of the gauge group. For k = 1, Witten [9] has identified the corresponding dual theory with the c = 24 holomorphic CFT obtained by Frenkel, Lepowsky and Meurman (FLM) [15] . The FLM CFT describes only gravitational degrees of freedom and is not associated with any gauge fields. In addition, the c = 24 FLM CFT is conjectured to be unique [16] and admits a symmetry given by the Fischer-Griess monster group. Using this symmetry, Witten calculated the entropy of the quantum BTZ black hole as the logarithm of the dimension of a specific representation of the monster group relevant for the FLM CFT. The result obtained is in reasonable agreement with the semiclassical value for the Bekenstein-Hawking entropy.
Another approach which has been very useful in black hole entropy analysis is based on the existence of a CFT in the near-horizon region of black holes [2, 17, 18, 19] . The analysis here is also based on Brown and Henneaux's approach [12] , suitably adapted to the near-horizon region. This approach has led to the derivation of entropy for BTZ black hole as well as for Schwarzschild black holes in arbitrary dimensions and the results obtained are consistent with the Bekenstein-Hawking formula.
In a previous paper we have shown that the near-horizon conformal structure can also be revealed by probing the black hole geometry with a massless scalar probe [20] . Using the zero mode of a massless scalar field, this approach was shown to be consistent with the existence of a Virasoro algebra in the near-horizon region of 3+1 dimensional Schwarzschild black hole. Our approach also predicted the logarithmic correction to the Bekenstein-Hawking entropy [21] . Similar scalar field probe can also be used to analyze particle production in black hole backgrounds [22] .
In this paper we shall use the formalism developed in our earlier work [20] to analyze the nearhorizon geometry of a large class of black holes, including that for the BTZ. Unlike [20] , here we use an arbitrary frequency mode of a massless scalar field to probe the near-horizon region. The central charge of the near-horizon CFT is obtained as a continuous variable. It is determined by the coefficient of the inverse square term in the near-horizon operator, which depends on the black hole parameters and the frequency of the probe. In order that our near-horizon CFT admits a central charge c = 24 requires a quantization condition. This condition fixes the scalar field frequency in terms of the black hole parameters. Witten has suggested that the AdS/CFT dual of the BTZ black hole is the c = 24 conformal field theory of FLM, which describes only gravitational degrees of freedom and is conjectured to be unique. In our analysis there is no AdS/CFT correspondence, but we find the possibility of a c = 24 CFT for the BTZ. The uniqueness conjecture then implies that the c = 24 CFT obtained in our analysis should also be identified with the FLM construction. In addition, we explicitly show that a large class of black holes contain the same near-horizon conformal structure as that for the BTZ, all of which admit a c = 24 CFT in the near-horizon region. From the uniqueness conjecture it follows that all these CFT's should also be identified with the FLM construction. The c = 24 FLM CFT has the largest degeneracy of all allowed finite CFT's and hence provides a bound on the black hole entropy. The emergence of this possibility in various backgrounds considered here is consistent with the fact that the BTZ black hole appears in the near-horizon region of many black holes [23, 24, 25, 26, 27, 28, 29, 30] . This paper is organized as follows. In Section 2, we study the dynamics of the scalar field probe in the near-horizon region for the BTZ black hole. In Section 3, this analysis is generalized to include a wide class of black holes. Different black hole near horizon structures and the near horizon KG operator including the Gauss-Bonnet case obtained from string derived gravity is discussed in the Appendix. It is shown that the near-horizon dynamics of the scalar probe is governed by an operator which has a universal form. In Section 4, the algebraic properties of the near-horizon Klein-Gordon operator is studied which reveals the existence of an underlying conformal algebra consisting of a semi-direct product of the Virasoro algebra and the algebra of the shift operators. In Section 5, we study the representations of this algebra and obtain a universal form of the central charge. Section 6 discusses the connection of the central charge to the black hole entropy in the context of the FLM CFT obtained by Witten. Section 7 concludes the paper with some discussions.
Scalar field probe of the near-horizon geometry of BTZ black hole
In 2+1 dimensions, a BTZ black hole of mass M and spin J is given by the metric [10, 11] 
where r and φ denote the radial and angular coordinates on the plane and t denotes the time. This metric satisfies vacuum Einstein equations in 2 + 1 dimensions, with a negative cosmological constant Λ = −1/l 2 . The outer and inner horizons denoted by r ± respectively are given by
In the present approach, a massless scalar field is used as a probe of the near-horizon geometry. The Klein-Gordon (KG) equation for a massless scalar field ψ in a general space-time with a metric g µν , where µ, ν run over the space-time indices, is given by
For the BTZ metric (2.1), using the ansatz ψ(r, t, φ) = R(r)e −iωt+ikφ , one gets the radial equation as 4) where
The periodicity of the coordinate φ in the BTZ construction leads to the quantization condition k ∈ Z.
Our main interest is to probe the region near the outer horizon of this black hole. To this end, we define a near-horizon coordinate x ∈ [0, ∞) as
In the near-horizon region, the function N 2 takes the form
We now define a new radial wave-function χ(r) ≡ √ xR(r), in terms of which the near-horizon form of the KG equation (2.4) is given by
where
In (2.7), H denotes the near-horizon KG operator for the BTZ black hole. The parameter a contains the information specific to the geometry. Below we shall show that the near-horizon KG operator for a large class of black holes has the same form as in (2.7) with different values of the parameter a.
Universal near-horizon geometry for a large class of black holes
Consider a metric in D space-time dimensions given by
where f (r) is a function of the radial variable r and dΩ 2 D−2 is the metric on unit S D−2 . The form of the functions f (r) will depend on the choice of the specific black hole.
As before, we wish to probe the near-horizon geometry of the black hole using a massless scalar field. To that end, we again consider the dynamics of a scalar field ψ in the above general background. Using the ansatz ψ(t, r, Ω) = e −iωt R(r)Y lm (Ω), the KG equation for the general background (3.1) can be written as
where the prime denotes the derivative with respect to the radial coordinate.
As in the case for BTZ, we now define a near-horizon coordinate x ≡ r − r h , where r h denotes the event horizon and x ∈ [0, ∞). We shall show below that the near-horizon form of the function f for a large class of black holes is given by
where A is a constant which depends on parameters defining the black hole geometry. For the moment we proceed with the form of f given in (3.3). In terms of a new field χ ≡ √ xR(r), the KG equation in the near-horizon region takes the form
The above analysis thus shows that for the entire class of metrics (3.1) satisfying the condition (3.3), the near-horizon KG operator H for a massless scalar has a universal form given by
The structure of H here is the same as that for the BTZ black hole as given by (2.7). The constant a depends on the frequency of the probe and on the geometric details and distinguishes between the various black holes. For real and nonzero frequency of the scalar probe the constant a is real and satisfies the condition a < − .
The above analysis shows that for a very large class of black holes, the near-horizon KG operator for a massless scalar has a universal form. This result is somewhat surprising as the black holes have quite different geometric properties. We have discussed different black hole metrics in detail in the appendix and it can be seen from the discussion in the appendix that apart from asymptotically flat backgrounds, our analysis includes black holes with both signs of the cosmological constant. It also includes the Gauss-Bonnet case which is obtained from string derived gravity going beyond the usual Einstein-Hilbert action. In a later section we shall comment on the possible common link between the near-horizon structures of these varied class of black holes with that for BTZ. Before that we shall study the algebraic properties of the near-horizon KG operator.
Algebraic properties of the near-horizon KG operator
We have seen from the previous section that for a large class of black holes, the KG operator in the near-horizon region has a universal form given by (3.6) . In this section we shall use algebraic techniques to study the properties of H.
Following our earlier work [20, 32] , the operator H can be decomposed as
For the present cases of interest, a < − 1 4 , b is complex and C + and C − are not formal adjoints of each other. Following [20] we define the operators
3)
Using Equation (4.3) and (4.4), the operators C ± and H can be written as
The operators L m , P m and H satisfy the commutation relations
Note that Equation (4.9) describes a Virasoro algebra with central charge c, while the algebra of the generators defined in Equation (4.
However, this algebra admits a non-trivial central extension c and in any of its unitary irreducible highest weight representation c = 0 [33] . That is why the central charge has been explicitly included in (4.9).
Equations (4.7-4.9) describe the semidirect product of the Virasoro algebra with an Abelian algebra satisfied by the shift operators P m [34] . This semidirect product algebra will be denoted by M in the rest of this paper. Note that L −1 and P 1 are the only generators that appear in H. Starting with these two generators, and using (4.10) and (4.11), we see that the only operators which appear are the Virasoro generators with negative index (except L −2 ) and the shift generators with positive index. Thus, L m with m ≥ 0 and P m with m ≤ 0 do not appear in the above expressions. In the next section, we will discuss how these quantities are generated.
We also note that the operator H is not an element of M but belongs to the corresponding enveloping algebra. This is due to the fact that the right hand side of Equation (4.11) contains product of Virasoro generators. While such products are not elements of the algebra, they do belong to the corresponding enveloping algebra.
Representation theory
The representation theory of M is well known in the literature [34] . Below we briefly recall certain aspects of this theory relevant for our analysis.
Consider the space V α,β of densities containing elements of the form P (x)x α (dx)
The representation V α,β is reducible if α ∈ Z and if β = 0 or 1; otherwise it is irreducible.
The requirement of unitarity of the representation V α,β leads to several important consequences. In any unitary representation of M, the Virasoro generators must satisfy the condition L † −m = L m . In the previous section, we saw that L −2 and L m for m ≥ 0 did not appear in the algebraic structure generated by the basic operators appearing in the factorization of H. However, the requirement of a unitary representation now leads to the inclusion of L m for m > 0. The remaining generators now appear through appropriate commutators, thus completing the algebra M.
Unitarity also constrains the parameters α and β, which must satisfy the conditions
whereᾱ denotes the complex conjugate of α. The central charge c in the representation V α,β is then given by [34] c(β) = −12β 2 + 12β − 2. (5.5)
Next we study the quantum properties of the Klein-Gordon operator H in the near horizon region of the black holes. In particular, we shall analyze the eigenvalue equation 6) using the representations of the algebra M and we shall find the labels α and β of the representation of M in terms of the black hole parameters.
We choose an ansatz for the wave function |Ψ given by |Ψ = ∞ n=0 c n ω n . The indicial equation arising out from the substitution of the above ansatz in the eigenvalue equation (5.6) is given by
As discussed before, for nonzero real frequency of the probe, the constant a is real and satisfies the condition a < − 1 4 . Thus, in the general case, we can use the parametrization
The information about the black hole geometry is contained in the parameter µ ∈ R. Using (5.8) in (4.2), we obtain
Equations (5.7) and (5.9) determine the label α in the representation of M, whose allowed values are given by This expression of the central charge has two contributions. The first part is a constant 1, which is independent of the black hole parameters. The second part depends on µ, which contains information about the black hole parameters. In our framework, we associate the quantity c bh ≡ 12µ 2 with the contribution to the central charge due to the black hole, as detected by the scalar field probe. In the subsequent analysis we shall focus on c bh only.
Central charge and black hole entropy
The relation between CFT and black hole entropy has been extensively discussed in the literature [1, 2, 3] . In the Chern-Simons approach to 2+1 gravity with a negative cosmological constant [13, 14] , the method of Brown and Henneaux [12] predicts a continuously varying central charge. This is a purely classical result where nothing in this analysis puts any constraint on the central charge. However, motivated by the AdS/CFT correspondence, Witten [9] argued that the central charge cannot vary continuously, but must be quantized. In the Chern-Simons approach to BTZ, this assumption leads to a central charge given by c = 24k, where k is the coefficient in front of the Chern-Simons action. The constant k, for a suitable choice of the gauge group, is quantized as a positive integer. Assuming k = 1 for the moment, the central charge has the value c = 24. Of all the holomorphic CFT's associated with c = 24, there is only one which corresponds to pure gravity. Such a CFT model was explicitly constructed by Frenkel, Lepowsky and Meurman (FLM) [15] , who also conjectured that it would be unique. This model admits a huge symmetry, given by the Fischer-Griess monster group. Using the FLM representation and exploiting its uniqueness, Witten obtained the entropy of the quantum BTZ black hole which agrees reasonably well with the Bekenstein-Hawking entropy.
In our formalism, the central charge associated with the black hole degrees of freedom is given by c bh = 12µ
2 . From the pure classical gravity point of view, there is no constraint on this central charge. However, motivated by the same logic of Witten, we also demand quantization of the central charge for the BTZ. In particular, we impose the condition µ 2 = 2n, where n is a positive integer. Then, for n = 1, we have a CFT with central charge equal to 24. The FLM construction is conjectured to give a unique CFT for pure gravity with c = 24. Thus, the above quantization condition together with the uniqueness conjecture for the FLM construction implies that the near-horizon CFT for the BTZ black hole in our approach as well is given by the FLM CFT. Consequently, the entropy calculation of Witten for the BTZ black hole based on the monster symmetry of the FLM CFT would apply in our framework too. Let us note that our argument is valid only with the quantization condition µ 2 = 2n. The quantity µ 2 depends on the scalar field frequency and also on the geometric parameters defining the BTZ black hole. This condition implies that the scalar field frequency is quantized and that the scale of the frequency is set by the geometric parameters of the BTZ. These consequences are completely natural and such a quantization of the frequency is also in qualitative agreement with the brick wall approach to black hole entropy [35, 36] .
The present analysis also indicates that the near-horizon conformal structure for the BTZ is shared by a wide class of black holes. In particular, the near-horizon KG operator (3.6) and the central charge (5.12) have the same universal form for all the black holes considered here. For this larger class, we can again identify 12µ 2 in the central charge as the contribution associated to the black hole geometry, as this part depends explicitly on the black hole parameters. In string theory it is well known that a large class of black holes, including the Schwarzschild case, contains a BTZ factor as a part of their near-horizon geometry [5, 23, 24, 25, 26, 27, 28, 29, 30] . The result that a large class of black holes share a universal near-horizon conformal structure identical to that of the BTZ is thus consistent with the observations from string theory.
The existence of a BTZ factor in the near-horizon region for a large class of black holes has been very useful in calculating the black hole entropy in string theory [28, 30] . Motivated by this observation, we can conjecture that the central charge for the entire class of black holes that share the same near-horizon conformal structure as that for the BTZ should also be subject to a similar quantization. Imposition of the same quantization condition as in BTZ leads to c bh = 24 in each of these cases. Moreover, the scalar field frequency for each background would now be quantized, where the scales in the frequencies would be set by the respective black hole parameters. Since we are dealing with pure gravity, the FLM construction would provide the unique CFT in each of these cases, leading to a universal form of entropy for the entire class. This presents an apparent puzzle, as surely the Bekenstein-Hawking entropy for a Schwarzschild black hole is not going to be the same as that for BTZ. This can be resolved by noting that the near-horizon geometry for a general black hole contains factors other than the BTZ, which can also contribute to the entropy. Thus in our analysis, the BTZ entropy contribution provides a lower bound to the entropy of this entire class of black holes.
Conclusion
In this paper we have analyzed the near-horizon conformal structure for a large class of black holes, using a scalar field as a probe of the geometry. The class of backgrounds considered here includes black holes in various dimensions, with or without cosmological constant. We have also considered Gauss-Bonnet black hole, which is obtained from string derived gravity by going beyond the usual Einstein-Hilbert action of general relativity.
The analysis presented here reveals certain universal characteristics in the near-horizon conformal structure. In particular, the near-horizon KG operator and the central charge of the associated Virasoro algebra has the same universal form for the entire class of black holes discussed here. Our analysis is consistent with the observation in string theory that a large class of black holes contains a BTZ part as their near-horizon geometry. The BTZ entropy has recently been obtained by Witten using the FLM construction. Although we do not have an AdS/CFT correspondence, our analysis for the BTZ black hole is consistent with Witten's observations after a suitable quantization condition is imposed. Furthermore, assuming that such a quantization can be imposed for the other cases considered here, it appears plausible that the FLM CFT provides a universal contribution to the entropy for a large class of black holes. The actual entropy would depend on other factors as well, but the universal part in our approach is determined by the FLM model, which provides a lower bound to the entropy of this wide class of black holes. For any given background, the assumed condition on the central charge also leads to the quantization of the scalar field frequency, where the scale is set by the parameters defining the respective black hole.
In this paper, although black holes with positive cosmological constants have been analyzed, the physical interpretation in such cases are subject to usual ambiguities associated with de-Sitter spaces [37, 38] . It would be interesting to see if some of those ambiguities can be resolved in the framework of the near-horizon CFT discussed here. We have also not discussed the extremal black holes, which would also be of interest.
Appendix
In this appendix we shall give examples of different black hole metrics for which the function f has the form as given in (3.3). We shall first discuss the examples where the cosmological constant vanishes I. Asymptotically flat black hole geometries Schwarzschild black hole:
The metric function f (r) is given by
The event horizon, determined by f (r) = 0, is located at
so that f (r) ≥ 0 for r ≥ r h and the parameter M is always positive. Now, the form of the metric near the horizon is given by
Here A is a constant for a particular M.
Reissner Nordström black hole:
The function f (r) has the following form 4) and the event horizon corresponds to
Here, we are mainly interested in the outer horizon, r + h , since all our calculations will eventually involve the near-horizon coordinate and here 'near-horizon' implies near the outer horizon. In this case f (r) ≥ 0 for r ≥ r + h . This essentially leads to the constraint Q 2 ≤ M 2 . Now, the form of the metric near the horizon is given by
Uncharged Gauss-Bonnet black hole:
In D space-time dimension (D ≥ 5), the metric for spherically symmetric asymptotically flat GaussBonnet black hole of mass M is given by Eqn. (3.1), where f (r) has the form [39] f (r) = 1 + r
For α ′ > 0, this black hole admits only a single horizon [39] . The horizon r = r h is determined by the real positive solution of the equation
In terms of the near-horizon coordinate the function f (r) becomes
II. Asymptotically non-flat black hole geometries:
Schwarzschild-AdS black hole:
The metric in this case is given by This equation now has three real positive roots corresponding to inner and outer event horizons and a cosmological horizon. Here f (r) ≥ 0 for r + h ≤ r ≤ r c . Here also the structure of A is same as that of the RN-AdS case but with positive cosmological constant.
